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ON COIDEAL SUBALGEBRAS OF COCENTRAL KAC
ALGEBRAS AND A GENERALIZATION OF WALL’S
CONJECTURE
SEBASTIAN BURCIU
Abstract. It shown that any coideal subalgebra of a finite dimen-
sional Hopf algebra is a cyclic module over the dual Hopf algebra.
Using this we describe all coideal subalgebras of a cocentral abelian
extension of Hopf algebras extending some results from [4].
1. Introduction
Kac algebras were among the first given examples of noncommuta-
tive noncocommutative Hopf algebras [5]. They are also called abelian
extensions since they satisfy the following long exact sequence of Hopf
algebras:
(1.1) k → kG → A→ kF → k
where G and F are finite groups and kG is the dual Hopf algebra of the
group algebra kG. Irreducible representations of abelian extensions are
completely characterized in [7].
Our main result describes all left (right) coideal subalgebras of co-
central Kac algebras:
Theorem 1.2. Let A = kG τ#σkF be an abelian cocentral extension
of kF by kG. Then left coideal subalgebras of A are parameterized by
the following data:
(1) Two subgroups M ≤ G and H ≤ F with H ⊲M = M
(2) A twisted bicharacter λ : M×H → U(1) satisfying the following
properties
(1.3) λ(ab, h) = λ(a, h)λ(b, h)τh(a, b)
(1.4) λ(a, hl) = λ(a, h)λ(h1 ⊲ a, l)σa(h, l)
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The coideal subalgebra corresponding tothe triple (M,H, λ) is given by
C(M,H, λ) :=
⊕
h∈H
Cλ(h)#σh,
where the space Cλ(h) is defined by
Cλ(h) := {f ∈ k
G |Rm,τh(f) = λ(m, h)f for all m ∈M}.
Here ⊲ is the induced action of F on G. For the definition of the
operator Rm,τh see Equation 3.9.
In [4] the authors described all left (right) coideal subalgebras of Kac
algebras of Izumi-Kosaki type. Using this they proved one of the Wall’s
conjecture for these algebras in the case that both finite groups F and
G are solvable. These Kac algebras are introduced in [8] and are Hopf
algebras with an additional C∗-structure. They are also studied in more
details in [9] by considering compositions of group type subfactors.
In this paper we show that one has the same description of the coideal
subalgebras as in [4] even without the assumption on the presence of
the additional C∗-structure. This is compensated by the new charac-
terization of coideal subalgebras given in Theorem 2.1. Also a Hopf
algebraic version of the Conjecture 1.1 formulated in [4] follows for
cocentral Kac algebras of solvable groups, see Subsection 3.6.
Note that recently, in [2] the authors proved that a cosemisimple
Hopf algebra A is a quantum permutation algebra if and only if it is
generated as an algebra by the matrix coefficients of all its left (right)
coideal subalgebras of A.
It is well known that any finite dimensional Hopf algebra A is a
cyclic right A∗-module generated by the left integral of Λ ∈ A. In
Theorem 2.1 we prove an analogue of this result for left (right) coideal
subalgebras of A. It is shown that any left coideal subalgebra S of
A is a cyclic A∗-module generated by an invariant element yS ∈ S
introduced by the author in [3].
Shortly, the organization of the paper is as follows. In the second
Section we prove the result concerning the structure of coideal subalge-
bras as cyclic modules over the dual Hopf algebra. Section 3 contains
the proof of Theorem 1.2. In the last section using the results from
the previous section we also describe all Hopf subalgebras of cocentral
abelian extensions of Hopf algebras.
We work over an algebraically closed field of arbitrary characteristic
and all the other Hopf algebra notations are those used in [10].
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2. Preliminaries
Recall that a left coideal subalgebra S of H is a subalgebra S of H
with ∆(S) ⊂ H ⊗ S. A coideal subalgebra S of H is called normal if
S is stable under the adjoint action of H on itself, i.e h1sS(h2) ∈ S for
all s ∈ S and h ∈ H .
2.1. Invariant elements of coideal subalgebras. Let S be any
right coideal subalgebra of a finite dimensional Hopf algebra A. Then
A is free over S [12] both as left and right S-module. Let A =
S⊕ (⊕ri=2Sxi) be a decomposition of A as a free left S-modules of rank
one. Then the idempotent integral Λ of A admits a decomposition:
Λ = yS +
r∑
i=2
yi
with yS ∈ S and yi ∈ Sxi for i ≥ 2. Then equation sΛ = ǫ(s)Λ implies
that syS = ǫ(s)yS for all s ∈ S.
Recall the left and right action of A∗ on A given by f ⇀ a = f(a2)a1
and a ↼ f = f(a1)a2. Next Theorem shows that any coideal subalge-
bra S of A is a cyclic right A∗-submodule of A generated yS ∈ S.
Theorem 2.1. Let S be a right coideal subalgebra of A and yS ∈ S be
defined as above. Then yS ↼ A
∗ = S.
Proof. From Theorem 6.1 of [12] one has that S is a simple object of
the category SM
A of relative modules. Clearly yS ↼ A
∗ ⊂ S. We will
show that yS ↼ A
∗ ∈ SM
A and then the proof will be complete.
Since ryS = ǫ(r)yS for all r ∈ S by applying ∆ it follows that
∑
r1(yS)1 ⊗ r2(yS)2 = ǫ(r)(yS)1 ⊗ (yS)2.
Thus∑
(yS)1 ⊗ r(yS)2 = S(r1)(r2)1(yS)1 ⊗ (r2)2(yS)2 = S(r)(yS)1 ⊗ (yS)2,
for all r ∈ S. Thus r(yS ↼ f) = f((yS)1)r(yS)2 = f(S(r)(yS)1)(yS)2 ∈
yS ↼ A
∗. This shows that yS ↼ A
∗ is an S-module and therefore an
object in the category SM
A. 
Remark 2.2. Suppose that A is a finite dimensional Hopf algebra and
let {ei}
s
i=1 be a basis of A and {e
∗
i }
s
i=1 ∈ A
∗ be the dual basis. Then for
any f ∈ A∗ one has:
∆A∗(f) =
s∑
i=1
e∗i ⊗ f ↼ ei =
s∑
i=1
ei ⇀ f ⊗ e
∗
i
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Indeed f(xy) =
∑s
i=1 e
∗
i (x)f(eiy) =
∑s
i=1 e
∗
i (x)(f ↼ ei)(y) for all
x, y ∈ B. This shows the first equality and the second is proven simi-
larly.
2.1.1. On the operators L and R of kG. Let G be a finite group and
kG be the dual group algebra. Consider the following operators on kG
given by Rm(f) = f ↼ m and Lm(f) = m ⇀ f for all m ∈ G.
If M is a subgroup of G let A = k(G/M)l be the space of all linear
functions on G which are constant on the right cosets ofM in G. Thus
(2.3) k(G/M)l = {f ∈ kG | f(gm) = f(m) for all g ∈ G and m ∈M}
Thus k(G/M)l is the subspace of all functionals f ∈ kG such that
Lm(f) = f for all m ∈M .
Lemma 2.4. Suppose that A ⊂ kG is a subalgebra of kG such that
Lg(A) = A for all g ∈ G. Then there is a subgroup M of G such that
A = k(G/M)l .
Proof. Since Lg(A) = A for all g ∈ G it follows from Formula 2.2 that
∆kG(A) ⊂ k
G ⊗ A. Thus A is a normal left coideal subalgebra of kG
since kG is commutative. Then it follows that the quotient (kG//A)∗ is
a Hopf subalgebra of kG. Therefore there is a subgroup M of G such
that (kG//A)∗ ∼= kM . This implies that A = k(G/M)l . 
3. Structure of coideal subalgebras of cocentral
abelian extensions of Hopf algebras
3.1. The Hopf algebra A. Let A = kG τ#σkF be an arbitrary co-
central abelian extension of kG via kF . Recall [11] that this means
that A fits into the following exact sequence of Hopf algebras:
k → kG → A→ kF → k.
Moreover the group F acts by automorphisms via ⊲ : F × G → G on
the group G. This induces an action of F on the dual Hopf algebra kG
via f ⇀ pa = pf⊲a.
Then the Hopf algebra A has the following multiplication structure
(3.1) (pa#σh)(pb#σl) = δa,h⊲bσa(h, l)pa#σhl
and the comultiplication structure given by
(3.2) ∆(pa#σh) =
∑
b∈G
τa(b, b
−1a)(pb#σh)⊗ (pb−1a#σh).
Here σ : F × F → kG is a normalized twisted two cocycle of G with
respect to the action of F , i.e σ satisfies:
(3.3) σa(h, l)σa(hl, t) = σa(h, lt)σh⊲a(l, t)
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where by definition σ(h, l) :=
∑
a∈G σa(h, l)pa.
The dual cocycle τ : F → kG ⊗ kG it is denoted by
τ(f) =
∑
a,b∈G
τf (a, b)pa ⊗ pb
and satisfies the following two cocycle property:
(3.4) τf (ab, c)τf (a, b) = τf (a, bc)τf (b, c)
for all f ∈ F and a, b, c ∈ G.
Moreover one of the compatibility conditions between σ and τ is
called Pentagon Equation [1] and it can be written as
(3.5)
σab(h, l)
σa(h, l)σb(h, l)
=
τh(a, b)τl(h⊲ a, h⊲ b)
τhl(a, b)
.
We can also assume that both σ and τ are normalized coccycles, that
is:
(3.6) σg(1, f) = σg(f, 1) = τf (1, g) = τf(g, 1) = 1
for all g ∈ G and f ∈ F . The antipode of A is given by
S(pa#σh) = σ
−1
h−1⊲a−1(h
−1, h)τ−1a−1, a(h)ph−1⊲a−1#σh
−1(3.7)
3.2. Left coideal subalgebras of A. In this subsection we give a
complete description of all left coideal subalgebras of A.
3.3. Operators Lm,τh and Rm,τh. Define the linear operators on k
G
by
(3.8) (La,τh(f)) = (a ⇀ f)τh(−, a)
and
(3.9) (Ra,τh(f)) = (f ↼ a)τh(a,−)
for all a ∈ G, h ∈ F . Note that by their definition La,τh and Ra,τh
satisfy
La,τh(f)(b) := f(ba)τh(b, a), and Ra,τh(f)(b) := f(ba)τh(a, b),
for all a, b ∈ G and h ∈ F .
The following lemma summarize the properties of these operators
which follow from definitions:
Lemma 3.10. With the above notations one has that
(3.11) La,τhLb,τh = Lab,τhτh(a, b) and Ra,τhRb,τh = Rab,τhτh(b, a)
Also,
(3.12) La,τhRb,τh = Rb,τhLa,τh .
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for all a, b ∈ Gand all h ∈ F .
Proof. The proof is by a straightforward computation. 
Lemma 3.13. Let A = kG τ#σkF be a cocentral abelian extension of
kG via kF . Then the comultiplication in A is given by
(3.14)
∆(u#σh) =
∑
a∈G
(La,τh(u)#σh)⊗(pa#σh) =
∑
a∈G
(pa#σh)⊗(Ra,τh(u)#σh)
for any u ∈ kG and any h ∈ F .
Proof. We prove the first formula. Using Formula 3.2 one has
∆(u#σh) =
∑
a,b∈G
τh(a, b)(u1pa#σh)⊗ (u2pb#σh)
=
∑
b∈G
(
∑
a∈G
τh(a, b)u(ab)pa#σh)⊗ (pb#σh)
=
∑
b∈G
(Lb,τh(u)#σh)⊗ (pb#σh).
The second formula has a similar proof. 
3.4. Definition of the left coideal subalgebra C(M, H, , λ). Let
M ≤ G be a subgroup of G and H ≤ F be a subgroup of F such that
M is stable under the action of H on G, i.e H ⊲M = M . Let also
λ : M × H → k∗ be a twisted bicharacter on M × H , i.e a function
satisfying the following properties:
(3.15) λ(mn, h) = λ(m, h)λ(n, h)τ−1h (m,n)
(3.16) λ(m, hl) = λ(m, h)λ(h⊲m, l)σm(h, l)
for all m,n ∈M and h, l ∈ H .
Define the following subspace of A:
(3.17) C(M, H, λ) =
⊕
h∈H
Cλ(h)#σh
where
Cλ(h) = {f ∈ k
G |Lm,τh(f) = λ(m, h)f for all m ∈M}.
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3.4.1. Description of Cλ(h).
Lemma 3.18. Let f ∈ kG. One has that f ∈ Cλ(h) if and only if
(3.19) f(gm) =
λ(m, h)
τh(g,m)
f(g)
for all m ∈M and g ∈ G. In particular dimk Cλ(h) =
|G|
|M |
.
Proof. Note that
Lm,τh(f) = (m ⇀ f) τh(−, m)
= (m ⇀ (
∑
g∈G
f(g)pg))τh(−, m)
= (
∑
g∈G
f(g)pgm−1)τh(−, m)
=
∑
g∈G
f(g)τh(gm
−1, m)pgm−1
=
∑
g∈G
f(gm)τh(g, m)pg.
Thus Lm,τh(f) = λ(m, h)f if and only if
(3.20) f(gm) =
λ(m, h)
τh(g,m)
f(g)
for all g ∈ G.
Let bi be a set of right coset representatives of M in G. Thus one
has G = ⊔si=1biM . For any g ∈ G define the function
(3.21) f[g] =
∑
m∈M
λ(m, h)
τh(g,m)
pgm
Using Equation 3.4 and Condition 3.15 it is easy to check that the
functional f[g] satisfies f[g] ∈ Cλ(h). Next it will be shown that
(3.22) f[gm0] =
λ(m−10 , h)
τh(gm0, m
−1
0 )
f[g]
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for all m0 ∈ M . This implies that {f[bi]}
s
i=1 is a basis of Cλ(h). One
has:
f[gm0] =
∑
m∈M
λ(m, h)
τh(gm0, m)
pgm0m =
=
∑
n∈M
λ(m−10 n, h)
τh(gm0, m
−1
0 n)
pgn
= λ(m−10 , h)
∑
n∈M
λ(n, h)
τh(m
−1
0 , n)τh(g, n)
pgn
τh(g, n)
τh(m
−1
0 , n)τh(gm0, m
−1
0 n)
Note that by Equation 3.4 one has
(3.23)
τh(g, n)
τh(m
−1
0 , n)τh(gm0, m
−1
0 n)
=
1
τh(gm0, m
−1
0 )
.
and therefore
(3.24) f[gm0] =
λ(m−10 , h)
τh(gm0, m
−1
0 )
f[g]

Lemma 3.25. With the above notations one has that
(3.26) Ra,τh(f[g]) =
1
τh(a, a−1g)
f[a−1g]
for all a, g ∈ G.
Proof. Indeed one has that
Ra,τh(f[g]) = (f[g] ↼ a)τh(a, −)
= (
∑
m∈M
λ(m, h)
τh(g,m)
pa−1gm)τh(a, −)
=
∑
m∈M
λ(m, h)
τh(g,m)
τh(a, a
−1gm)pa−1gm
=
∑
m∈M
(
λ(m, h)
τh(a−1g,m)
pa−1gm)(
τh(a
−1g,m)τh(a, a
−1gm)
τh(g,m)
)
Using Equation 3.4 observe that
(3.27)
τh(a
−1g,m)τh(a, a
−1gm)
τh(g,m)
=
1
τh(a, a−1g)
and then the conclusion of the Lemma follows from here. 
SEMISIMPLE HOPF ALGEBRAS 9
Note that for any u ∈ kG and f ∈ F one can write
(3.28) (f.u) ↼ m = f.(u ↼ (f ⊲m))
for all m ∈M .
Proposition 3.29. Let A ∼= kG τ#σkF be a cocentral abelian extension
of kF by kG. With the following notations it follows that C(M, H, λ)
is a left coideal subalgebra of A.
Proof. Suppose that f#σh ∈ Cλ(h)#σh. Then using Lemma 3.13 it
follows that
(3.30) ∆(f#σh) =
∑
a∈G
(pa#σh)⊗ (Ra,τh(f)#σh)
But by Equation 3.12 one has Lm,τh(Ra, τh(f)) = Ra, τh(Lm,τh(f)) =
λ(m, h)Ra, h(f) for all m ∈ M it follows that Ra,τh(f) ∈ Cλ(h) for
all a ∈ G. This shows that ∆A(Cλ(h)#σh) ⊂ A ⊗ (Cλ(h)#σh) and
therefore C(M, H, λ) is a left coideal of A.
In order to show that C(M, H, λ) is an algebra one has to check
the following inclusion
(3.31) Cλ(h)(h.Cλ(l))σ−(h, l) ⊂ Cλ(hl),
for all hl ∈ F . For all f ∈ Cλ(h) and all g ∈ Cλ(l) one has that
Rm,τhl(f(h.g)σ−(h, l)) = [(f(h.g)σ−(h, l)) ↼ m]τhl(m, −)
= (f ↼ m)((h.g) ↼ m)(σ−(h, l) ↼ m)τhl(m, −)
= Rm,τh(f)(h.(g ↼ (h⊲m))(σ−(h, l) ↼ m)τhl(m, −)τ
−1
h (m, −)
= [λ(m, h)f ](h.[(R(h⊲m)(g))τ
−1
l ((h⊲m), −))
[(σ−(h, l) ↼ m)τhl(m, −)τh(m, −)
−1]
= λ(m, h)λ(h⊲m, l)σm(h, l)f(h.g)σ−(h, l)
σ−1m (h, l)σ
−1
− (h, l)(σ−(h, l)↼ m)
τ−1l ((h⊲m), h⊲ −)τhl(m, −)τh(m, −)
−1
= λ(m, hl)f(h.g)σ−(h, l)
We used that
(3.32) σ−1m (h, l)σ
−1
− (h, l)(σ−(h, l) ↼ m)τ
−1
l ((h⊲m), h⊲ −) = 1
by Pentagon Equation 3.5 and
(3.33) λ(m, hl) = λ(m, h)λ(h⊲m, l)σm(h, l)
by Equation 3.16. Then since
Rm,τhl(f(h.g)σ−(h, l)) = λ(m, hl)f(h.g)σ−(h, l)
it follows by definition of Cλ(hl) that f(h.g)σ−(h, l) ∈ Cλ(hl). 
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3.5. Left coideal subalgebras of A. In this subsection we show that
any left coideal subalgebra of A is of the type C(M, H, λ) as above.
This result is inspired by [4] where the left coideal subalgebras where
described under the additional assumption of a ”∗”-structure on A. We
will give in this subsection a proof that does not use this assumption but
it uses the structure of coideal subalgebras from Theorem 2.1 instead.
With the notations from the previous Subsection define the following
linear functionals δbiM :=
∑
m∈M pbim ∈ k
G for all i = 1, s.
Proof of Theorem 1.2:
Let B be an arbitrary left coideal subalgebra of A. Write the ele-
ments of B as b =
∑
h∈F fh#h where fh ∈ k
G. Note that by Lemma
3.13
∆A(b) = ∆A(
∑
h∈F
fh#h) =
∑
h∈F, g∈G
(pg#h)⊗ (Rg,τh(fh)#h).
Since B is a left coideal, it follows that for each fixed pair of elements
(g, h) ∈ G× F one has that Rg,τh(fh)#h ∈ B.
Therefore one can write B = ⊕h∈F (B(h)#h) with B(h) a subspace
of kG which is mapped by Rg,τh to itself for all g ∈ G. Since B is also
an algebra, we have
B(h1)(h1.B(h2))σ(h1, h2) ⊆ B(h1h2),
for all h1, h2 ∈ F .
In particular this implies that B(1) is a subalgebra of kG which
affords a left representation of G via the operators Rg,τ1(f) = f ↼ g.
It follows from Lemma 2.4 that there is a subgroup M ≤ G such that
B(1) is the subspace k(G/M)l of M-left invariant functions on G. Let
G = ⊔ibiM , 1 ≤ i ≤ r be the left coset decomposition of G with respect
to the subgroup M . Here r = |G|/|M | is the index of M in G. Then
the linear functionals δbiM form a linear basis on the algebra B(1).
Let H := {h ∈ F |B(h) 6= 0}. It will be shown next that H is a
subgroup of F . Let yB be the left invariant element of B defined in
Subsection 2.1. Suppose further that
yB =
∑
h∈H′
uh#σh ∈ B
for some nonzero elements uh ∈ B(h) and some non-empty subset
H ′ ⊂ H .
By Theorem 2.1 since B = yB ↼ A
∗ it follows that H ′ = H . More-
over the same Theorem implies that B(h) =< {La,τh(uh)}a∈G >, the
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linear span of the functionals {La,τh(uh)}a∈G. Indeed, A
∗ ca be identi-
fied as algebras to kF#τ∗kG via
(3.34) < px#τ∗a, pb#σy >= δa,bδx,y
for all x, y ∈ F and a, b ∈ G. Then using Equation 3.13 one has
(uh#σh)↼ (px#τ∗a) =
∑
g∈G
< px#τ∗a, pg#σh > Rg,τh(uh)#σh
= δx,hRa,τh(uh).
Thus yB ↼ ph#τ∗a = Ra,τh(uh)#σh.
Next it will be shown that H is a subgroup of F . Since (δM#1)yB =
yB it follows that δMuh = uh for all h ∈ H . Since uh 6= 0 it follows
that supp(uh) ⊆ M . Thus one has uh ∈ B(h)δM for all h ∈ H . In
particular u1 ∈ B(1)δM = kδM .
Without loss of generality one may suppose further that u1 = δM .
Since B(h) 6= 0 it follows that there is u ∈ B(h) and x ∈ G such that
u(x) 6= 0. It follows that Rx,τh(u)(1) = u(x) 6= 0. On the other hand
since Rx,τh(f) ∈ B(h) one can conclude that there is f := Rx,τh(u) ∈
B(h) with f(1) 6= 0. Therefore for such element f ∈ kG one has that
(f#σh)yB = f(1)yB is a nonzero element of B. On the other hand
since
(3.35) (f#σh)yB =
∑
l∈H
f(h.ul)σ(h, l)#σhl
we deduce that hH ⊆ H . Thus H is a subgroup of F . Moreover from
Equation 3.35 we deduce that
(3.36) f(h.ul)σ(h, l) = f(1)uhl
for all l ∈ H . For l = h−1 this identity becomes
(3.37) f(h.uh−1)σ(h, h
−1) = f(1)δM
Evaluating both sides of the last identity at g = 1 it follows that
uh(1) = 1 for all h ∈ H . Moreover since (δM#σ1)yB = yB it follows
that δMuh = uh for any h ∈ H . This shows that supp(uh) ⊆ M .
On the other hand Equation 3.37 shows that M ⊆ supp(f) for any
f ∈ B(h) with f(1) 6= 0. In particular, since uh(1) = 1 it follows that
supp(uh) =M . But evaluating Equation 3.37 at any m ∈M it follows
that:
(3.38) f(m)uh−1(h⊲m)σm(h, h
−1) = f(1)
Since supp(uh) = M this shows that M is stable under the action of
H and dimB(h)δM=1. Thus B(h)δM =< uh >.
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Since
(uh#σh)yB = yB
this implies that
(3.39) uh(h.uh′)σ(h, h
′) = uhh′
for all h, h′ ∈ H . Evaluating both sides of the last equality at m ∈ M
one has
(3.40) uh(m)uh′(h⊲m)σm(h.h
′) = uhh′(m)
Since for m ∈ M the operator Lm,τh maps B(h)δM to itself it follows
that there is a function λ : M ×H → k∗ such that
(3.41) Lm,τh(uh) = λ(m, h)uh.
Evaluating both sides of the above identity at 1 one gets that uh(m) =
λ(m, h) for all m ∈ M . On the other hand evaluating both sides
of the same equality at m′ ∈ M it follows that uh(mm
′)τh(m,m
′) =
λ(m, h)uh(m
′) and therefore one obtains Equation 3.15, i.e,
(3.42) λ(mm′, h)τh(m,m
′) = λ(m, h)λ(m, h′)
for all m,m′ ∈ M and h ∈ H . For the other Equality 3.16 note that
λ(m, hh′) = uhh′(m)
= uh(m)uh′(h⊲m)σm(h, h
′)
= λ(m, h)λ(h⊲m, h′)σm(h, h
′)
It remains to show that B(h) coincides to Cλ(h), the subspace of all
functions f ∈ kG which verify
Lm,τh(f) = λ(m, h)f,
for allm ∈M . Note that since B(h)B(1) ⊆ B(h) it follows thatB(h) =
⊕si=1B(h)δbiM . Since Lbi,τh(B(h)δM) = B(h)δbiM it follows that all the
spaces B(h)δbiM are also one dimensional. Thus dimk(B(h)) =
|G|
|M |
.
On the other hand Lemma 3.18 shows that dimk(Cλ(h)) =
|G|
|M |
.
Thus in order to conclude that B(h) = Cλ(h) it is enough to show
that Lm,τh(f) = λ(m, h)f for all f ∈ B(h). If f ∈ B(h)δM then this
relation is satisfied from the definition of λ and Relation 3.41. On
the other hand since B(h) is spanned as vector spaces by Rg,τh(uh)
Equation 3.12 implies that for all g ∈ G one has
(3.43) Lm,τh(Rg,τh(uh)) = Rg,τh(Lm,τh(uh)) = λ(m, h)Rg,τh(uh).
.
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3.6. On the Wall’s conjecture. In the spirit of [4] we have the fol-
lowing Theorem which is a Hopf algebra analogue of Wall’s conjecture.
Theorem 3.44. Let A ∼= kG τ#σkF be a cocentral extension of Hopf
algebras with G and F solvable groups. Then the number of maximal
(resp. minimal) left coideal subalgebras of A is less or equal than the
dimension of A.
With the above characterization of coideal subalgebras the proof of
this Theorem is the same as that of Theorem 3.8 from [4].
Remark 3.45. In the same paper [4], the authors proposed Conjec-
ture 1.2, as a new version of Wall’s conjecture for semisimple fusion
algebras. It was announced that this conjecture is solved for commu-
tative fusion rings. We remark that there are cocentral Kac algebras
with noncommutative Grothendieck rings, for example the smash prod-
uct Hopf algebra kQ8#kC2, dual to the smash coproduct Hopf algebra
from Section 8 of [6].
4. Hopf subalgebras of cocentral abelian extensions of
Hopf algebras
In this section we describe all Hopf subalgebras of an abelian cocen-
tral extension.
Theorem 4.1. Let A = kG τ#σkF be a cocentral abelian extension of
kF by kG. Then all Hopf subalgebras of A are of the form C(M, H, λ)
where M is a normal subgroup of G and λ satisfies the additional in-
variance condition:
(4.2) λ(a−1ma, h) = λ(m, h)τ−1h (a, a
−1ma)τh(m, a)
for all a ∈ G and m ∈M .
Proof. A Hopf subalgebra B of A is in particular a left coideal subal-
gebra and by the previous Theorem is of the type C(M, H, λ) defined
above. Suppose that B := C(M, H, λ) is a Hopf subalgebra of A and
let f#σh ∈ B. Then using Lemma 3.13 one has
∆A(f#σh) =
∑
a∈G
(La,τh(f)#σh)⊗ (pa#σh)
Then ∆A(f#σh) ∈ B ⊗A if and only if
(4.3) La,τh(f) =
∑
x∈G
fxτh(xa
−1, a)pxa−1 ∈ Cλ(h)
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for any a ∈ G. This implies that for any a ∈ G the space Ma−1 is also
a right coset ofM in G, i.eM is a normal subgroup of G. On the other
hand using repeatedly Equation 3.11 it follows that:
Lm,τh(La,τh(f)) = Lma,h(f)τh(m, a)
= La(La−1ma,τh(f))τ
−1
h (a, a
−1ma)τh(m, a)
= λ(a−1ma, h)τ−1h (a, a
−1ma)τh(m, a)La,τh(f)
This shows that La,τh(f) ∈ Cλ(h) if and only if
(4.4) λ(a−1ma, h) = λ(m, h)τ−1h (a, a
−1ma)τh(m, a).

Remark 4.5. Alternatively, for the converse of the above Theorem it
can be shown that
∆kG(f[a]) =
∑
y∈G
λ(y−1, h)
τh(a, y−1)
f[yay−1] ⊗ py
and thus ∆kG(Cλ(h)) ⊂ Cλ(h)⊗ k
G.
References
1. N. Andruskiewitsch and J. Devoto, Extensions of Hopf algebras, Algebra i
Analiz 7 (1995), 22–69.
2. T. Banica, J. Bichon, and S. Natale, Finite quantum groups and quantum
permutation groups, Adv. Math. (2012), no. 229, 3320–3338.
3. S. Burciu, Kernels of representations and coideal subalgebras of semisimple
Hopf algebras, Glasgow J. Math. 54 (2012), no. 1, 107–119.
4. R. Guralnick and F. Xu, On a subfactor generalization of Wall’s conjecture, J.
Algebra 332 (2011), 457–468.
5. G. Kac, Certain arithmetic properties of ring groups, Functional Anal. Appl. 6
(1972), 158–160.
6. Y. Kashina, Classification of semisimple Hopf algebras of dimension 16., J.
Algebra 232 (2006), no. 617663.
7. Y. Kashina, G. Mason, and S. Montgomery, Computing the Frobenius-Schur
indicator for abelian extensions of Hopf algebras, J. of Alg. 251 (2002), 888–
913.
8. H. Kosaki M. Izumi, Finite-dimensional Kac algebras arising from certain group
actions on a factor, Internat. Math. Res. Notices 8 (1996).
9. , Kac algebras arising from composition of subfactors: general theory
and classification, Mem. Amer. Math. Soc. 158 (2002), no. 750.
10. S. Montgomery, Hopf algebras and their actions on rings, vol. 82, CBMS Re-
gional Conference Series in Mathematics, Amer. Math. Soc, Providence, RI,
1993.
11. W. D. Nichols and M. B. Richmond, The Grothendieck group of a Hopf algebra,
J. Pure and Appl. Algebra 106 (1996), 297–306.
12. Y. Skryabin, Projectivity and freeness over comodule algebras, Trans. Am.
Math. Soc 359 (2007), no. 6, 2597–2623.
SEMISIMPLE HOPF ALGEBRAS 15
Inst. of Math. “Simion Stoilow” of the Romanian Academy P.O. Box
1-764, RO-014700, Bucharest, Romania
and
University of Bucharest, Faculty of Mathematics and Computer
Science, Algebra and Number Theory Research Center, 14 Academiei
St., Bucharest, Romania
E-mail address : sebastian.burciu@imar.ro
